We theoretically explore the behavior of thermal transport in the topological SQUIPT, in the linear and nonlinear regime. The device consists of a topological Josephson junction based on a two-dimensional topological insulator in contact with two superconducting leads, and a probe tunnel coupled to the topological edge states of the junction. We compare the performance of a normal metal and a graphene probe, showing that the topological SQUIPT behaves as a passive thermal rectifier and that it can reach a rectification coefficient of up to 145% with the normal metal probe. Moreover, the interplay between the superconducting leads and the helical edge states leads to a unique behaviour due to a Doppler shift like effect, that allows one to influence quasi-particle transport through the edge channels via the magnetic flux that penetrates the junction. Exploiting this effect, we can greatly enhance the rectification coefficient for temperatures below the critical temperature TC in an active rectification scheme.
I. INTRODUCTION
As electronic circuits shrink down to the nanoscale, the management of heat becomes evermore important [1] [2] [3] . This is especially true for quantum technologies, where fragile quantum states can easily be corrupted through unwanted interactions with a 'hot' environment [4, 5] . Simultaneously, control over heat flows at the nanoscale prompts the attractive prospect of on-chip cooling [6] [7] [8] [9] [10] [11] which could make the application of low temperature quantum technologies considerably cheaper, or could be used further improve operating efficiencies.
As a response to recent technological developments, the study of thermal transport in nanostructures has received considerable attention during the past decade. Despite the fact that the flow of heat is not easily controlled, many advances, both theoretical and experimental, have been made, laying the foundation of thermal logic [12] [13] [14] [15] and coherent caloritronics [11, [16] [17] [18] [19] . Nonlinear thermal elements, such as thermal diodes that conduct heat well in one direction but poorly in the reversed direction are particularly valuable for both thermal logic [14] and heat management [20] . In this work, we present a thermal diode that is based on the electronic heat flow in a topological insulator (TI) based Josephson junction, cf. Fig. 1 .
Several proposals and realizations of thermal diodes for electronic heat flow exist, based on quantum dots [21] [22] [23] [24] [25] , superconducting elements [26] [27] [28] [29] [30] , the quantum Hall effect [31] [32] [33] , and TI elements [34] [35] [36] [37] . TIs have recently received much interest, as they host interesting physics such as spin-momentum locking, helical edge states, Majorana fermions, which are candidates for quantum computing [38] [39] [40] [41] and have peculiar thermal transport properties [42] [43] [44] [45] . Here, we consider a thermal diode for elec- Figure 1 . The Topological SQUIPT consists of two superconducting leads (blue) connected by a 2D topological insulator (orange) of width W and length L. Transport occurs through the topological edge channels, to which a probe (red) is tunnel coupled. A finite Cooper pair momentum pS can be induced via a magnetic flux Φ through the junction. Under forward thermal bias, the junction is hot, while the probe is cold, and vice versa under backward bias.
tronic heat flow which is based on a topological Josephson junction (TJJ) [46, 47] where superconducting electrodes are connected via the edge states of a two-dimensional TI whose experimental realization can be based on 2D HgTe/HgCd quantum wells [48] [49] [50] [51] [52] [53] [54] .
Threading a flux through the centre of a 2D TJJ leads to a finite Cooper pair momentum in the superconducting leads, modifying the Andreev reflection amplitudes in the edge channels of the TI [55] . In the edge channels, left and right moving quasiparticles pick up this momentum shift with opposite sign; an effect which is similar to the Doppler shift for classical waves. The momentum shift modifies the spectrum of left-and right-movers such that one can lift the suppressed of quasiparticle transport through the edge channels [56] , sharply increasing the thermal response of the junction. Exploiting this behaviour, a 2D TJJ can be used as an efficient thermal switch [17, 57] . Importantly, the effect requires only small magnetic fields of the order of several mT which leave the helical edge conductance intact [58] .
Previously, we studied the electrical properties of a device consisting of a 2D TJJ with a normal metal probe tunnel coupled to the topological region. In such a Topological version of a Superconducting QUantum Interference Proximity Transistor [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] (or TSQUIPT), see Fig. 1 , the density of states in the edge channels depends non-trivially on energy, magnetic field and superconducting phase. This allows one to use the TSQUIPT as a sensitive, absolute magnetometer [56] .
Here, we discuss the thermal properties of the TSQUIPT, considering both a probe with a constant density of states (normal metal probe) and a density of states that is linear in energy (graphene probe), and find that it can be used as a thermal diode. The diode's rectification properties derive from the fact that the density of states of the topological junction is implicitly dependent on the temperature, via the induced superconducting gap. The properties of the probe, on the other hand, are temperature independent, which leads to an asymmetric response with respect to temperature.
Due to resonances that appear in the quasi-particle density of states of the junction, the rectification efficiency can be significantly enhanced compared to a conventional NIS junction [26, 27] when using a normal metal probe. As is the case with the electrical properties, the thermal properties of the TSQUIPT depend on the geometry of the junction, the magnetic flux through the junction, and the the superconducting phase difference between the two superconducting leads. As the device is based on a 2D topological insulator, the TSQUIPT could prove useful for heat management, or as part of a cooling scheme in topological insulator based quantum technologies.
This paper is structured as follows. First, we briefly revisit the model used to describe the density of states in the TSQUIPT. We then consider the thermal response by discussing both the linear and non-linear regime and we comment on the thermal rectification performance. We show the dependence on various variables such as the length of the junction, the magnetic flux through the junction, the superconducting phase difference, and temperature, for both a probe with a flat density of states (normal metal) and a linear density of states (graphene). In the final section we summarize the results.
II. MODEL
We consider a Josephson junction formed along the upper edge of a two-dimensional topological insulator, cf. Fig. 1 . A left (L) and right (R) superconductor are deposited on top of the TI. They induce superconducting correlations in the edge channels via the proximity effect [74] . The associated order parameters are characterized by their absolute value ∆ and their phase φ L,R . In between the superconducting electrodes, there is a nonproximitized region of TI with length L forming the actual junction. We assume that the width W of the junction is wide enough such that the overlap between edge states at the upper and lower edge can be neglected. Furthermore, we also neglect any coherent coupling of the edge states via the superconductor which is a valid assumption at high enough temperatures. The spatial variation of the order parameter between the proximitized and normal region of the edge states is assumed to occur on a length scale much shorter than the superconducting coherence length ξ 0 = v F /∆, where v F denotes the Fermi velocity. Furthermore, we neglect proximity effects inside the junction that would require a self-consistent calculation of the order parameter. This is justified as transport occurs only via two edge channels [75] . The above approximations finally allow us to write the induced order parameter as ∆(
, where Θ(x) is the step function.
The helical edge channels can then be described by the Bogoliubov-de Gennes Hamiltonian
The pair potential ∆(x) couples electronlike and holelike quasiparticles. The single-particle Hamiltonian describing the edge states in the absence of superconductivity and neglecting electron-electron interactions are given by
with σ 0 the identity matrix and σ j the Pauli matrices acting on spin space, and the chemical potential µ. We introduced
which denotes the finite momentum of the Cooper-pair condensate along the transport direction and which arises in the presence of a finite magnetic flux Φ through the junction. While the momentum can be formulated in terms of the magnetic field B and the width W of the junction only, we will always express it and other quantities in terms of the flux Φ through the junction, and the length L of the junction, assuming the width W is a constant. When Andreev reflection occurs in the presence of a magnetic flux Φ, the left and right moving particles in the edge channels pick up a shift in momentum p S /2 with opposite sign, an effect reminiscent of the Doppler effect. The magnetic field required to reach Φ 0 in a typical junction with W = 2 µm 2 , and nm [54, 76] is ≈ 1 mT. This field is sufficiently small such that superconductivity is not suppressed and no backscattering is induced or gap is opened in the helical edge channels, thus preserving topological properties of edge channels [58] . Taking the Doppler effect into account, one can derive the density of states in the upper edge of the junction in units of the edge state density of
with the normalized superconductor density of states
and a modulating function
which originates from quantum interference via Andreev reflections with the TI edge. The energies
are the shifted quasiparticle energies [56] , see Fig. 2 . φ u denotes the phase difference along the upper edge, which is defined as φ u = φ 0 + πΦ/Φ 0 , where φ 0 is the superconducting phase difference taken in the middle of the junction. The phase difference along the upper edge is considered as we assume a probe is tunnel coupled to the upper side of the 2D TI (see Fig. 1 ). Note that the subgap Andreev bound states are omitted in this discussion as they do not contribute to stationary thermal transport. The density of states, ρ TI depends on the junction length L, the magnetic flux Φ through the junction, and the superconducting phase difference φ 0 between the two superconducting contacts.
For the sake of readability, we briefly revisit the characteristics of the topological junction before moving to the thermal response of the device. In Fig. 2 we present the density of states, which features many details, in a density plot as the function of the flux Φ and energy E for the superconducting phase difference φ 0 = 0. In the central, black diamond, the quasi-particle spectrum is gapped, and while electrical transport is possible via Andreev bound states (not shown here), thermal transport is blocked completely. For energies above and below the induced gap ∆ 0 , quasi-particles can be transmitted through both edge channels (top and bottom regions). The same is true at low energies but at high flux, where heat transport because the induced gap is closed by the Doppler shift (left and right regions). In the diagonal stripes, transport is possible through one mode (e.g. only right-moving, or only left-moving particles), while the other remains gapped, due to an interplay between the quasi-particle energy and the Doppler shift, which is opposite for the two counter-propagating channels. We note that, as we do not consider a spin selective probe, it is impossible to exploit these branches for unidirectional heat transport. For parameters where transport through the junction is possible, the density of states features modulations that increase in strength for longer junctions. These modulations arise from the merging of Andreev bound states with the continuum and are a consequence of the energy dependence of the electronlie and holelike wave vectors. For a more comprehensive analysis of this effect, see [56] .
It is important to note that ρ TI is influenced by various parameters. Besides its aforementioned dependence on energy and flux, it depends implicitly on temperature, via the temperature dependence of the superconducting gap ∆ = ∆(T ) as obtained by the BCS theory. As we will see, this dependence will be important for the thermal rectification. Furthermore, as can be seen in Eq. (6) and is shown in Fig. 2 , the length of the junction impacts the flux dependence, as it modifies both the slope of the diagonals and the interference pattern. Finally, the superconducting phase difference φ 0 influences the position of the interference pattern, and when not equal to 0 or π, breaks the density of states' symmetry with respect to the flux, see again Eq. (6).
III. THERMAL RESPONSE
We now calculate the fully nonlinear thermal tunnel current between the probe and the topological Josephson junction. This is necessary as Onsager symmetry forbids thermal rectification in linear response in the presence of time-reversal symmetry. We use the standard tunneling expression [77] 
For the density of states of the probe ρ P (E), we consider two different scenarios: a normal metal probe and a graphene probe. For the normal metal probe, the density of states is assumed to be energy independent, ρ P = ρ 0 , in which case R T is the tunnel resistance between the probe and the junction. For the graphene probe the density of states is energy dependent: ρ P = 2|E|/(π 2 v 2 F ), and R T represents a resistance factor associated with the transparency of the tunnel barrier between the probe and the junction. The density of states in the junction, ρ TI (E), is given by Eq. 4. The Fermi functions f P (E) and f TI (E) are associated with the probe and the junction respectively, with f P,TI (E) = (1 + e E/k B T P,T I ) −1 . We assume that the chemical potential is kept constant everywhere: µ S = µ P = 0, with µ S and µ P the chemical potential in the superconducting leads and the probe respectively, to avoid an extra dissipative charge current flowing in the junction. To ascertain that the topological insulator remains in thermal equilibrium with the superconducting leads, and the tunnelling approximation is valid, it is necessary that R T R K , with R K the von Klitzing resistance. Only when the thermal conductance between the probe and the junction is much smaller than the thermal conductance between the topological edge channels and the superconducting leads, one can safely assume thermal equilibrium in the topological junction.
A. Linear regime
Assuming the device is operated in the linear regime, i.e. the thermal gradient δT = |T TI − T P | T , we can define the thermal conductance as:
where
The thermal conductance, like the thermal current, directly reflects the matching between the density of states of the probe and the topological junction. It depends on the temperature T , length of the junction L, the flux through the junction Φ, and the superconducting phase bias φ 0 , as follows from Eqs. (4, 5, 6) .
In Fig. 3 we show the thermal conductance of the TSQUIPT as a function of the flux through the junction normalized by the conductance at high flux, G (Φ) = G(Φ)/G ∞ where G ∞ = G(Φ → ∞). For low temperatures, the heat flow through the device is completely suppressed by the presence of the superconducting gap. However, by applying a flux one can close the quasiparticle gap, allowing heat transport to occur. For temperatures closer to T C , the size of the gap, and thus the suppression of the conductance decreases, however a modulation is clearly visible up to 0.9 T C . For magnetic fluxes larger than a few flux quanta, the conductance reaches a constant value and the modulation decays to zero. While the thermal conductance for both probes looks very similar, it is worthwhile to note that the thermal conductance increases linearly with temperature for a normal probe, but super-linear for a graphene probe (not shown here).
B. Non-linear regime
In Fig. 4 a) we show the normalized thermal current J (Φ) = J(Φ)/J ∞ with J ∞ = J(Φ → ∞) in the forward configuration (hot junction, cold probe) as a function of the flux Φ and superconducting phase bias φ 0 , for a normal metal probe. When φ 0 = 0, π, an asymmetry in the flux dependence of the heat current is induced. In Fig. 4 b) -d), we present the normalized forward (hot junction, cold probe, green line) and backward (hot probe, cold junction, blue line) heat currents, for various values of the superconducting phase difference φ 0 and a normal metal probe, as a function of the flux. When a large magnetic flux is applied, heat transport is fully enabled by the Doppler effect. As the impact of the gap diminishes, so does the difference between the forward and backward heat currents. Fig. 4 e) and f) show the forward and backward heat currents for the case of a graphene probe. The qualitative behavior of the graphene probe device is similar to the normal probe device, as the dependence on flux and phase mainly originates from the junction, and not from the nature of the probe.
The difference between the forward and backward heat current, and thus the diode's rectification properties, stem from the fact that the density of states in the probe is temperature independent, while that of the junction is modulated by temperature via the dependence of the induced superconducting gap. This results in an asymmetry in forward and backward heat flow, which can be understood from Eq. 7. In the absence of the tempera- ture dependence in ρ TI (E), the interchange of temperatures affects only the Fermi functions, leading solely to a change of sign of the thermal current. The temperature dependence of the gap is thus fundamental for the asymmetric thermal response of the thermal current which will be discussed in detail later.
If the junction heats up to temperatures approaching the critical temperature T C , the magnitude of the induced gap decreases rapidly. This allows for an increased heat flow from the junction to the probe. Conversely, if the probe is hot, but the junction is cold, the presence of the gap prevents heat flow for temperatures up to T ≈ T C . As the density of states of the graphene probe is linear in energy, it gives a greater weight to states that are higher in energy when calculating the tunnel current, and the discrepancy between the forward and backward heat current is reduced.
C. Thermal rectification
Finally, to quantify the effectiveness of the thermal rectification, we define the relative rectification coefficient
where J + denotes the forward heat current, corresponding to a hot junction and a cold probe, and J − is the backward current, where the temperatures are reversed.
As the resonances in the junction influence the density of states above the gap and by extension the heat transport, the length of the junction and the flux through the junction have a strong effect on the thermal properties. In Fig. 5 a) we show the dependence of the rectification coefficient on the length of the junction and the flux through the junction for the normal probe. Panel b) shows the rectification coefficient for four different lengths, corresponding to cuts of panel a). For the shorter junctions, the rectification has a sharp peak around zero flux, while for the longer junctions, the rectification at zero flux becomes a local minimum, although it partly recovers at finite values of the flux. Fig. 5 c) is a density plot of the rectification as a function of the junction length and T Hot , while T Cold = 0.1 T C is kept constant. There are two notable features: firstly, it is clear that for maximum rectification, T Hot should be close to T C , independent of the length. Secondly, as can also be seen in panel d), the rectification peaks at L = ξ 0 , and then diminishes until L ≈ 3 ξ 0 , after which it largely recovers before decaying again. This oscillation of the rectification with respect to the junction length is a consequence of the position of the maxima in the density of states of the junction, that arise from quantum-mechanical interference. Fig. 5 e) -h) show the behaviour of the rectification with a graphene probe. Contrary to before, the maximum of R now moves outwards to higher values of the Φ as the length of the junction increases. However, the value of the maximum stays between ≈ 25% and ≈ 40 %, depending on the various parameters. Furthermore, for a graphene probe connected to very short junctions, the rectification coefficient will be negative, especially when T Cold is low, which indicates a reversal of the device's expected response. This behavior is similar to that of a NIS junction (cf. Fig. 6 c) ), however the effect is enhanced as the graphene density of states gives a greater weight to high energy states.
The maximum rectification coefficient is obtained using a normal metal probe. Following the discussion of Fig. 5 , we find that maximum value of the rectification coefficient R ≈ 145% is found for a junction of length ξ 0 , with T Cold → 0 and T Hot → T C , Φ = 0 and φ 0 = 0. At a length of 3 ξ 0 and Φ = 0, the efficiency is minimum, with a value of R ≈ 45%, although it recovers to R ≈ 70% at |Φ| ≈ 0.7 Φ 0 . When considering a graphene probe, the optimum quantity of flux increases with the device length, although the maximum value never exceeds R ≈ 40%. Fig. 6 shows the rectification coefficient as a function of T Hot , for various values of T Cold , for a junction of L = ξ 0 . At this length, the rectification is maximum for Φ = φ = 0, but this is not necessarily true for junctions of a different length. The rectification peaks just below T C , and decreases in a constant fashion as T Cold increases, which demonstrates that the maximum rectification factor is obtained with T Cold at the lowest possible temperature. When using a graphene probe (Fig. 6 b) ), the rectification coefficient is reduced, with a maximum value and shape that is reminiscent of the NIS diode. However, the temperature range of positive rectification is increased with respect to that of the NIS junction, especially for temperatures above the critical temperature. The graphene probe, which reduces the effect of the junction density of states, can thus be seen as an intermediate between the NIS junction and the TSQUIPT with normal metal probe in terms of thermal rectification performance.
To further increase the rectification coefficient, one could consider replacing the normal metal tunnel coupled probe with a superconducting probe, in this case, an enhancement similar to the one present in [27] can be expected, although the extra Josephson coupling should also be taken into account.
Alternatively, one could think to exploit the switching effect of the junction where the quasi-particle gap can be closed by applying a magnetic flux [57] . Closing the quasi-particle gap enhances the thermal response of the junction. Hence, when closing the gap by applying a large flux in the forward configuration (hot junction, cold probe), the quasi-particle current and thus the heat flow through the device is increased, see the density of states presented in Fig. 7 b) . On the other hand, keeping the gap open i.e. not applying a magnetic flux, in the backward configuration (cold junction, hot probe) ensures a minimal back flow, see the density of states shown in Fig. 7 c) . Thus, by using the device dependence on the magnetic flux, one can implement an active rectification scheme. Since the heat flow is exponentially suppressed with the channels closed and k B T ∆ 0 , rectification is strongly enhanced below T C , as shown in Fig. 7 a) .
IV. DISCUSSION AND CONCLUSION
We have shown that the topological SQUIPT can be utilized as a thermal diode, and how the rectification efficiency depends on various device parameters such as the length L, the magnetic flux through the topological Josephson junction Φ and the phase difference between the superconducting leads φ 0 , and for probes with a flat and a density of states that is linear in energy. A passive rectification coefficient of up to ≈ 145% is reached under optimal conditions, when using a normal metal probe, which is high with respect to comparable designs such as NIS or SIS' junctions. An interesting property of the TSQUIPT is that it offers control over the superconducting gap via a small external magnetic field, which can be used to open the junction to heat flow when needed. Exploiting this effect in an active rectification scheme, the rectification can be strongly enhanced for temperatures below T C . The proposed device is a promising tool for managing heat flows in temperature sensitive 2D topological insulator based quantum technologies.
